For a wide class of stochastic athermal systems, we derive Langevin-like equations driven by nonGaussian noise, starting from microscopic dynamics and developing a new asymptotic expansion. We found the explicit condition that non-Gaussian properties of athermal noise become dominant for Brownian particles attached on both thermal and athermal environments. Furthermore, we derive an inverse formula to infer microscopic properties of the athermal bath from the statistics of Brownian particle. We apply our formulation to a granular motor under viscous friction, and analytically obtain the velocity distribution function. Our theory demonstrates that the non-Gaussian Langevin equation is the minimal model of athermal systems.
For a wide class of stochastic athermal systems, we derive Langevin-like equations driven by nonGaussian noise, starting from microscopic dynamics and developing a new asymptotic expansion. We found the explicit condition that non-Gaussian properties of athermal noise become dominant for Brownian particles attached on both thermal and athermal environments. Furthermore, we derive an inverse formula to infer microscopic properties of the athermal bath from the statistics of Brownian particle. We apply our formulation to a granular motor under viscous friction, and analytically obtain the velocity distribution function. Our theory demonstrates that the non-Gaussian Langevin equation is the minimal model of athermal systems. Introduction. Recent development of experimental technique has triggered researches of fluctuations of small systems [1] . In particular, thermally fluctuating systems (e.g. biological [2] [3] [4] [5] [6] , colloidal [7] [8] [9] , and electrical [10] [11] [12] ones) have been extensively studied from both experimental and theoretical aspects. The minimal model for such systems is the Gaussian Langevin model, whose validity is well established by microscopic theories [13] [14] [15] [16] . For example, van Kampen's theory [13, 14] shows that Brownian particles in thermal environments are asymptotically described by the Gaussian Langevin model in the large system size limit. This model has been a powerful tool to understand non-equilibrium equalities [17] [18] [19] [20] [21] [22] [23] [24] [25] and stochastic thermodynamics [26] [27] [28] [29] [30] .
Fluctuations in athermal systems (e.g. biological [31] [32] [33] [34] , granular [35] [36] [37] , and electrical circuit ones [38, 39] ) are reported to be very different from thermal fluctuations. However, the minimal model of athermal stochastic systems has not been established. One of possible approaches to such systems is based on Langevin-like models driven by a non-Gaussian noise [40] [41] [42] [43] [44] . Then, a fundamental question arises: When and how does the nonGaussianity emerge from microscopic dynamics? This question has not been fully answered so far. In fact, the conventional theory of van Kampen [13, 14] cannot produce the non-Gaussianity in the leading order, but it always produces linear Gaussian models.
In this Letter, we answer the above question by developing a new asymptotic expansion of the master equation. In the leading order in terms of the system size, we derive a linear non-Gaussian Langevin equation as a minimal model for a wide class of athermal systems. The non-Gaussianity of the athermal noise is shown to be dominant under the condition that the thermal friction is sufficiently strong i.e., the athermal stochastic force is irrelevant to system's relaxation processes. We also derive an inverse formula for the statistics of athermal noise from the stationary distribution function of the Brownian particle. As a demonstration, we study a granular motor under viscous friction and analytically derive its steady FIG. 1: (Color online) Schematic of a system attached to thermal and athermal environments. The particle is driven by thermal forceFT (t;v) and athermal forceFA(t;v). There is net energy current J from the athermal environment to the thermal one.
distribution function. Furthermore, we obtain an experimentally applicable formula to estimate the granular velocity distribution from the statistics of the rotor. This implies that the non-Gaussian properties of the Brownian particle play key roles to infer microscopic properties of the athermal environment.
Setup. Let us consider a one-dimensional Brownian particle attached to thermal and athermal environments as illustrated in Fig. 1 . For simplicity, we assume that there is no external mechanical potential and that the system obeys the Markovian dynamics. Then, the evolution equation of particle's velocityv can be written as
where M is the mass of the particle,F T (t;v) andF A (t;v) are stochastic forces from the thermal and athermal environments, respectively. We denote as Â the ensemble average of stochastic variableÂ. The thermal forcê F T (t;v) is described by the sum of a linear friction and a Gaussian noise asF T (t; v) = −γv + √ 2γTξ G with viscosity γ, temperature T , and the white Gaussian noiseξ G (t) satisfying ξ G (t 1 ) = 0 and ξ G (t 1 )ξ G (t 2 ) = δ(t 1 − t 2 ). Here, we make a critical assumption thatF A (t;v) is a stochastic force characterized by a small positive param-eter ǫ and a general Markovian forceη A (t;v) such that
As will be shown in Eq. (4) later, the small parameter ǫ corresponds to the inverse of the system size as also discussed in Refs [13, 14] . The corresponding master equation is given by
where P (v, t) ≡ P (v(t) = v) is the velocity probability and W ǫ (v; y) is the athermal transition rate from v with the flight distance y. The scaling assumption (2) implies that the flight distance y should be scaled: Y ≡ y/ǫ. Then, the scaled transition rate W (v; Y) for the scaled distance Y satisfies the following scaling form:
We note that the scaling (4) is equivalent to that introduced in Ref. [13, 14] , and the only difference of the master equation (3) from Refs. [13, 14] is the existence of the thermal diffusion 2 with an ǫ-independent parameter T . Physical meanings of these assumptions will be discussed in detail later. Since the small noise expansion is a singular perturbation, we introduce an appropriate scaled variable to remove the singularity:
In the limit ǫ → 0, Eq. (3) is reduced to 
whereξ N G is the white non-Gaussian noise with the transition rate W(V). This is the first main result of this Letter. We stress that Eq. (7) is known to be exactly solvable as shown in Refs. [45, 46] . Indeed, we obtain the steady distribution function as
where we have introduced the cumulant function Φ(s)
Then, we derive the inverse formula for noise's cumulant function Φ(s) and cumulant K n from the stationary distribution as
where we have introduced the Fourier representatioñ
. This is the second main result of this Letter. The power of Eq. (9) will be demonstrated later, through an example of the granular motor. We note that our formulation is applicable to the small noise expansion for a multiplicative Lévy noise [47] . We also note that our formulation includes the independent kick model in Refs. [35] [36] [37] 48] in the limit γ/γ A → ∞ (see supplementary material [46] ) Equation (7) does not satisfy the detailed balance condition, because there is net energy current from the athermal environment to the thermal one as J = dQ/dt SS = M K 2 > 0, where we have introduced the stochastic heat current [26] [27] [28] 42] as dQ/dt = −(−γV + √ 2γTξ G ) •V with the product in the Stratonovich sense [50] .
We now discuss the physical criteria of the assumption (iii). For simplicity, let us define y * as the typical flight distance and consider a symmetric noise satisfy-
The essence of our expansion is that the non-linear part of W ǫ (v; y) is asymptotically irrelevant in the small ǫ limit as shown in Eq. (6)
ǫ (0; y * )|, which characterizes the relevancy of the non-linear part of W ǫ (v; y). Then, the assumption (iii) is equivalent to
is the key to derive the additive non-Gaussian Langevin equation (7), which is quite different from the additive Gaussian Langevin equation derived by van Kampen. Here we discuss the relationship between our theory and van Kampen's one by introducing the ǫ-dependence of γ. Let us define the Kramers-Moyal coefficient
, the application of van Kampen's theory leads to the Gaussian Langevin equation in the limit ǫ → 0: where we have introduced γ T ≡ γ/ǫ and the scaled variables
We note that the scaled variable (5) is different from those in Eq. (11). This difference is crucial because the essence of the system size expansion is the introduction of appropriate scaled variables for the singular perturbation.
Origins of non-Gaussianity. The above difference can be understood in terms of environmental separation for fluctuation (excitation) and dissipation (relaxation) processes. For γ/γ A = 0 or γ/γ A = O(ǫ), the both environments are relevant to the relaxation processes (see Fig. 2(a) ). Indeed, van Kampen's theory predicts that the frictional coefficients of both environments are estimated to be O(ǫ). Then, the relaxation time is scaled as O(ǫ −1 ), which is consistent with the scaled variables (11). For γ/γ A = O(1) or γ/γ A → ∞, on the other hand, the athermal environment is irrelevant to the relaxation processes because the friction caused by the thermal environment is sufficiently strong (Figs. 2(b) and 2(c) ). Indeed, the frictional coefficients for both environments are respectively scaled as O (1) and O(ǫ), i.e., the environment irrelevant to the relaxation processes gives a nonGaussian noise.
Example: granular motor under viscous friction. Let us consider a granular motor under viscous friction (see Fig. 3(a) ). We prepare a rotor with mass M and inertial moment I whose shape is a cuboid with height h, width w, and depth l. The rotor is immersed in two environments: a viscous fluid and a granular gas. The viscous fluid is a thermal environment characterized by a viscous coefficient γ and a temperature T . The granular gas under the vertical vibration is an athermal environment in the steady state characterized by velocity distribution function (VDF) f ( v), mass of the particles m, and restitution coefficient e. We note that similar setups under dry friction are experimentally realized in Refs. [35] [36] [37] 48] . The rotational angleθ fluctuates because of the thermal and athermal fluctuations from the viscous fluid and the granular gas, respectively. We assume that the granular gas is dilute enough to adopt the Boltzmann-Lorentz model in describing rotor's dynamics [35-37, 48, 49] . By introducing the mass ratio ǫ ≡ m/M , we obtain the master equation for the angular velocityω ≡ dθ/dt as (12) where we have introduced the angular velocity probability distribution P (ω, t) ≡ P (ω(t) = ω), the transi-
, the coordinate along the cuboid s, the normal unit vector to the surface n(s), the inertia radius Fig. 3(b) .)
Here we assume that the mass ratio ǫ is small and γ is independent of ǫ. We note that the condition of the small mass ratio can be experimentally realized as in Refs. [35] [36] [37] 48] . For simplicity, let us assume an isotropic granular VDF f ( v) = φ(| v|) and T = l = 0. By introducing a scaled variableΩ ≡ω/ǫ, we obtain the non-Gaussian Langevin equation in the limit of ǫ → +0:
whereη g is the granular collisional torque characterized by the cumulant function Φ(s) 
whereΩ ≡ Ω/Ω g , Ω g ≡ F g v 0 ,ṽ ≡ γ/2πρhw and p F q is the generalized hypergeometric function [53] . The validity of Eq. (14) was numerically checked by the Monte Carlo simulation of Eq. (12) shown in Fig. 3(c) , where the theoretical line perfectly agrees with the numerical data.
We demonstrate the usefulness of the inverse formula (9) to infer the properties of non-equilibrium baths. From Eq. (9), we obtain the following formula for an arbitrary φ(v): (15) is applicable to infer the granular VDF from the observation of rotor's angular velocity distribution function. This implies that the non-Gaussianity in P SS (Ω) is useful to infer the microscopic structure of the athermal system. We note that the RiemannLebesgue lemma [51] guarantees that lim s→∞ [a−bs 2 /2− vs 3 (d/ds) logP SS (sF g )] = 0, where the coefficients a and b are determined by this relation. We demonstrate the validity of Eq. (15) for φ(v) = e −|v| /8π in Fig. 4 . Figure 4(a) is the numerically-obtained steady distribution of rotor's angular velocity and Fig. 4(b) is φ(v) estimated from Eq. (15). This is a clear demonstration of the power of the inverse formula (15) . The meaning of the inverse formula (15) can be understood from the viewpoint of "cooling" of the rotor. In the absence of the thermal environment, rotor's effective temperature approaches that of the granular gas. On the other hand, in the presence of the thermal environment, the rotor's effective temperature is less than that of the granular gas, because the thermal environment plays the role of a "cooler." The "cooler" absorbs redundant information from rotor's motion, and therefore, the precise information of the athermal noise (i.e. high order cumulants) is accessible from rotor's dynamics.
Conclusion. In this Letter, we have considered a Brownian particle attached to both thermal and athermal environments, and derive a non-Gaussian Langevin equation (7) on the condition that the athermal stochastic force is irrelevant to the relaxation processes. We also derived an inverse formula (9) to infer the environmental information from the observation of the Brownian particle. We applied our formulation to a granular motor under the viscous friction, and analytically obtained the stationary distribution function (14) and an inverse formula (15) on the granular velocity distribution.
We revealed the emergence of the non-Gaussianity and its microscopic origins. Extensions of this formulation toward non-linear frictional systems (e.g. the Coulomb friction) and multidimensional systems (e.g. colored noises) would be our future work. Our theory serves as a foundation of athermal statistical mechanics and would be important for various fields of science, such as biophysics, chemistry, and econophysics.
We are grateful for useful discussion with N. Nakagawa, K. Sekimoto, and A. Puglisi. This work is supported by the Grants-in-Aid for Japan Society In this section, we first derive the steady distribution of the following non-Gaussian Langevin equation (16) based on a parallel argument in Ref. [45] :
whereξ G andξ N G are the white Gaussian and non-Gaussian noises. The cumulants ofξ G andξ N G are respectively given by
where we introduced the n-points δ-function satisfying
and defined
with the Poisson transition rate W (Y). We note that the cumulant generating function can be transformed into the standard form of the Lévy process [50] as
The Kramers-Moyal equation for Eq. (7) is given by
Our goal is to obtain the steady distribution function as P SS (V) = lim t→∞ P (V, t) and its Fourier transformatioñ
Substituting Eq. (22) into Eq. (21), it is straightforward to show thatP SS (s) satisfies
The solution of Eq. (23) is given byP
or equivalently,
Relation to the independent kick model
The non-Gaussian Langevin equation reproduces the independent kick model in the strong friction limit. The independent kick was originally introduced to explain the behavior of the granular motor in the presence of the dry friction [35] [36] [37] 48] . Let us assume that the Gaussian part does not exist as T = 0, and that the average of the non-Gaussian noise is zero, K 1 = 0. In the strong friction limit γ → ∞, Eq. (24) is reduced tõ
On the other hand, the system is kicked by rare collisions and instantly relaxes to the rest state in the independent kick model [35] [36] [37] 48] . This implies the following scenario: The system is typically in the rest state V = 0. However, an occasional collision at time t = 0 with a Poisson flight distance I changes the state from V(−0) = 0 to V(+0) = I, and the system freely relaxes as V(t) = Ie −γt/M . This scenario leads to
where h(v) is an arbitrary function. Substituting h(V) = e isV − 1 into Eq. (27), we obtaiñ
which is equivalent to Eq. (26). Thus, our theory is equivalent to the independent kick model in the strong friction limit.
B. Granular motor with the viscous and dry frictions
Setup
We consider a granular motor under the viscous friction. The motor is a cuboid of height h, width w, and length l in the granular gas as in Fig 5(a) . The cuboid rotates around the z-axis, and the rotational angleθ fluctuates because of collisional impacts by surrounding granular particles. We assume that there exists the Coulomb friction during the rotation around the axis. Let us first consider its collision rules (see Fig. 5(b) ). We assume that the motor and a particle collide at the position r. We denote motor's angular velocity and particle's velocity by ω and v, respectively. The moment of inertia along the z-axis and the radius of inertia are respectively given by I and R I ≡ I/M . The conservation of the angular momentum and the definition of the restitution coefficient e are respectively given by
where ω ′ , V ′ and v ′ are the angular velocity of the motor, the velocity of the motor and the velocity of the particle after the collision, respectively, and n is the normal unit vector on the surface, and e z ≡ (0, 0, 1). We assume the non-slip condition for the collision: the velocity change of the particle is perpendicular to the surface as
with an appropriate coefficient β. We note that Solving Eqs. (29), (30), and (31), we obtain
where we introduced t ≡ e z × e, ∆V ≡ V − v, and ǫ ≡ m/M . Based on the collision rule (32), we model this setup as the Boltzmann-Lorentz equation [35-37, 48, 49] :
where s is the coordinate along the cuboid, f ( v) is the granular distribution function, γ is the coefficient of the viscous friction, n(s) is the normal unit vector to the surface at s, and we introduced
.
According to the Kramers-Moyal expansion, we obtain the differential form of the master equation as
Small noise expansion
We consider the following four assumptions: (i) ǫ is a small parameter, (ii) γ is a small positive number independent of ǫ, (iii) T is scaled as T = ǫ 2 T , where T is independent of ǫ,
Introducing a scaled variableω = ǫΩ, we obtain the scaled master equation as
where V = Ω e z × r(s). In the limit ǫ → +0, Eq. (38) is reduced to
Here we can calculate the integral with the aid of
and
where we used the isotropic property φ( v) = φ(v), and decomposed the position vector r as r = x e + s ′ t + z e z with x = ±l/2 or x = ±w/2, which implies that g = s ′ /R I . Then, the cumulant K n is simplified as
which implies that the cumulant function is given as
is(1+e)lv 2R 2
is(1+e)wv 2R 2
3. In the case with the Gaussian velocity distribution
Let us consider the case of T = l = 0, and assume that the velocity distribution of the granular gas is given by the Gaussian form as
with the "thermal" velocity v 0 . The non-Gaussian Langevin equation for the scaled angular velocityΩ ≡ ω/ǫ is
with the cumulants
where we used Eq. (44) and
The cumulant generating function is explicitly given by
where we introduced F g ≡ w(1 + e)/2R
x 0 e t 2 dt. Then, we obtain the velocity distribution as
where we introducedṽ ≡ γ/2πρhw and the generalized hypergeometric function defined as
with the Pochhammer symbol (a) n ≡ a(a + 1)(a + 2) . . . (a + n − 1) for n ≥ 1 and (a) 0 = 1.
Inverse estimation formula for the spherical distribution
We derive the inverse formula of the granular velocity distribution for the case of T = l = 0 and an arbitrary φ(v). The non-Gaussian Langevin equation is given by
where the cumulant function ofη g is given by
with the typical collisional impact F g ≡ w(1 + e)/2R 2 I . From Eq. (24), we obtain the following relation between the granular velocity distribution and the Fourier representation of rotor's angular velocity distribution as
This formula can be transformed into the following form:
φ(v) = 1 π|v| 
where we introduced a ≡ 
Equation (57) is practically useful to determine the coefficients a and b from the experimental data ofP SS (s).
The numerical technique for the inverse estimation formula
Here we explain our numerical procedure for the inverse formula (55). We obtain the steady distribution function of rotor's angular velocity using the Monte Carlo simulation of Eq. (33) on the following setup: φ(v) = e −|v| /8π, l = T = 0, w = √ 12, ρ = h = e = R I = 1. The numerical data are plotted in Fig. 6(a) . The tail of the distribution can be well fitted as f (Ω) = exp[−0.002596Ω 2 − 0.3691Ω − 1.688] for Ω > 12. In order to obtain the Fourier transformationP SS (s), we use the numerical data for 0 ≤ Ω ≤ 12 and the fitting line f (Ω) for 12 < Ω ≤ 25. P SS (s) is numerically plotted in Fig. 6(b) . We also numerically obtain the following function as shown in 
We plot the granular velocity distribution estimated from Eq. (59) in Fig. 6(d) . We note that Eq. (59) has a singularity at v = 0, which explains that the numerical accuracy around v = 0 is not good.
